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1. - Hilbert space positive (invertible) operators
$A,$ $B$
$A \nabla B=\frac{1}{2}(A.+B),$ $A$ ! $B=2((A^{-}+B^{-1})^{-1}$
:
(1) $A\nabla B\geq A!B$ .
:
$A\nabla B=A^{\iota}2(1\nabla A^{-\frac{1}{2}}BA^{-\frac{\iota}{2}})A^{\frac{1}{2}}$
$A$ ! $B=A^{\frac{\iota}{}}$’ $(1 ! A^{-\frac{\iota}{2}}BA^{-\frac{\iota}{2}})A^{\frac{\iota}{2}}$
$D_{A,B}=A\nabla B-A$ ! $B=A\mathrm{t}_{(\nabla C-1}$ ! $C$) $A\#$ .
$C=A^{-\frac{\iota}{2}}BA^{-\frac{\iota}{l}}$ .
$D_{A,B}\geq 0\Leftrightarrow D_{1,C}\geq 0$
(Anderson-Morley-Rapp [1]):
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2. . -
:
Conjecture 1. If $0<m\leq A,$ $B\leq M$ , then
(3) $D_{A,B} \leq\frac{(M-m)^{2}}{2(M+m)}$ .
Example 2.







$\epsilon=0$ , i.e., $m=0$
$(A-B)^{2}.\leq 2(A+B)$
($m>0$ $\epsilon>0$ ) .
, cf. [2, Theorem 6].
Theorem 3. If $0<m\leq A,$ $B\leq M$, then
(4) $D_{A,B}=A\nabla B-A!B\leq(\sqrt{M}-\sqrt{m})^{2}$ .
– [4, Theorem 1.32]
Theorem 3’. If $0<m\leq A,$ $B\leq M$ , then
(5) $\Phi(A)-\Phi(A^{-1})^{-1}\leq(\sqrt{M}-\cap m^{2}$
Theorem 3 Theorem 3’
$\Phi(A\oplus B)=A\nabla B$
, cf. [3] Theorem 3 Conjecture 1 2





( $\sqrt{M}-\cap m$2 . $(\sqrt{M}-\sqrt{m})^{2}$
Example 4. $A,$ $B$ :
$A=$ , $B= \frac{1}{3}(_{2\sqrt{2}}^{4}2\sqrt{2}11)$ .
$A,$ $B$ {1, 4} $m=1,$ $M=4$





unitary) $U=U_{\theta;}\theta-$ unitary, $\mathrm{i}.\mathrm{e}.$ ,
$U=U_{\theta}=$ ; $c=\cos\theta,$ $\cdot s=\sin\theta$
$A$ $B=B_{\theta}$






$D_{A,B} \leq 1\Leftrightarrow A+B\geq\frac{9}{2}s^{2}$
$A+B- \frac{9}{2}s^{\mathit{2}}.=\frac{1}{2}$




$-^{1}2\sqrt{2}1)$ ; $B=UBU^{*}= \frac{1}{3}(_{2\sqrt{2}}^{4}2\sqrt{2}11)$ .
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4. Conjecture 1. ( $\sqrt{M}-\sqrt m\neg^{2}$
1 ;
Theorem 5. $A,$ $B$ 1
Proof. $a,$ $b>0$
$a\nabla b-a$ ! $b= \frac{(a-b)^{2}}{2(a+b)}$
$\alpha>0$
(t) $= \frac{(t-\alpha)^{2}}{t+\alpha}$ for $t\geq 0$ .
$f_{a}(s)-f_{\alpha}(t)= \frac{(s-t)((s+\alpha)(t+\alpha)-4\alpha^{2})}{(s+\alpha)(t+\alpha)}$
$f_{\alpha}(t)$ :
(a) $0<s<t\leq\alpha\Rightarrow f_{\alpha}(s)\geq f_{\alpha}(t)$ ,
$.(\mathrm{b})$ $\alpha\leq s<t\Rightarrow f_{\alpha}(s)\leq f_{\alpha}(t)$ .
$0<m\leq a,$ $b\leq M$
$\frac{(a-b)^{2}}{a+b}\leq.\frac{(M-m)^{2}}{M+m}$ .
(a),(b) :
$\frac{(a-b)^{2}}{a+b}=f_{b}(a)\leq f_{b}(m)=f_{m}(b)\leq f_{m}(M)=\frac{(M-m)^{2}}{M+m}$ .
$\sigma$ (cf. [5]) ,
$A$ ! $B\leq A\sigma B\leq A\nabla B$ .
Theorem 5 –
Theorem 6. $A,$ $B$ $0<m\leq A,$ $B\leq M$ ( )
$\sigma$
$A\nabla B-A\sigma B\leq m\nabla M-m\sigma M$
$A,$ $B$ $f$




$f$ $f”(i)\leq 0$ $H_{\phi}\geq 0$ $\phi$
$[m, M]^{2}$ $\emptyset(m, M)$
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5. Kantorovich . Kantorovich Kadison
Schwarz :
$\Phi(A)\leq\frac{(m+M)^{2}}{4mM}\Phi(A^{-1})^{-1}$ for $0<m\leq A\leq M$,




(1) The Kantorovich constant $\frac{(m+M)^{2}}{4mM}$ $(m\nabla M)$ : $(m ! M)$
$\frac{(m+M)^{2}}{4mM}=\frac{m\nabla M}{m!M}$ .
(2) The Kantorovich constant $| \mathrm{g}_{\backslash }\max\{\frac{m\nabla_{\mu}M}{m!_{\mu}M};\mu\in[0,1]\}$.
(1),(2)
$\frac{(m+M)^{2}}{4mM}=\frac{m\nabla M}{m!M}\geq\frac{m\nabla_{\mu}M}{m!_{\mu}M}$ $(\mu\in[0,1])$ .
:
Theorem 7. $A,$ $B$ $0<m\leq A,$ $B\leq M$ $\mu\in[0,1]$
(7) $A\nabla_{\mu}B\leq m!_{\mu}Mm\nabla_{\mu}M_{A}!_{\mu}B$.
Proof. $C=A^{-\frac{1}{2}}BA^{-\frac{1}{2}},$ $K_{\mu}= \frac{m\nabla}{m!}\mathrm{A}\mu^{-}-$ , $h= \frac{M}{m}$
transformer
$1\nabla_{\mu}C\leq K_{\mu}1!_{\mu}C$ ,
$1\nabla_{\mu}t\leq K_{\mu}1!_{\mu}t$ lor $t\in[h^{-1}, h]$ .
$K_{\mu}= \frac{1\nabla_{\mu}h}{1\mathrm{I}_{\mu}h}$ :
$K_{\mu}= \max\{\frac{1\nabla_{\mu}t}{1!_{\mu}t};t\in[h^{-1}, h]\}$ .
$t+t^{-1}\leq h+h^{-1}$ for $t\in[h^{-1}, h]$
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